Introduction
The hydrodynamic behavior of plug flow in microscale is an important topic due to its wide applications in medicine (Fujioka et al., 2008) , chemical reaction (Kreutzer et al., 2005b ), detection and analysis. As the dimension of the systems shrinks, viscous force and surface tension force dominate the flow field, since the Reynolds number (R e ) and the capillary number (C a ) are both small in microscale (Squires and Quake, 2005) . In a plug flow, which is also named bubble train, slug, segmented, Taylor flow, the bubbles have a capsular shape which completely or partially fill the channel cross-section (Angeli and Gavriilidis, 2008; Thulasidas et al., 1997) . The presence of the interfaces induces recirculation in the liquid plug (Taylor, 1961) . The circulated flow pattern offers many advantages over a single-phase flow. The heat and mass transfer processes (Handique and Burns, 2001 ; Nguyen and Wu, 2005; Song et al., 2003a ) and chemical reaction (Song et al., 2006) can be significantly enhanced by folding and stretching the fluid. The axial dispersion and residual distribution time are greatly reduced (Teh et al., 2008; Trachsel et al., 2005) by confining reagents within the space of the liquid plug.
Determining the flow field in plug flow is an important but nontrivial task and recently triggered many interests and studies. Non-intrusive velocity measurement techniques were adopted to measure the velocity at a small scale, such as micro particle image velocimetry (μPIV) (Lindken et al., 2009; Sinton, 2004; Wereley and Meinhart, 2010) . Although μPIV has been widely used in the past decade, it is still a complex task to assess the multiphase flow by μPIV. Refractive index of the different phases should be matched to ensure optical access without distortions caused by the fluid interface (Kim et al., 2004; Oishi et al., 2009 ). Particles should be carefully selected to guarantee a homogeneous and optimum solvability in either of the phases and to prevent agglomeration at the interface (Miessner et al., 2008) .
The computational methods to simulate the flow field of a plug flow can be categorized into two types according to the interface shape. The first type, for simplicity and saving computation time, assumes the interface shape and reasonable results were obtained (Harries et (Yu et al., 2007; Zhang, 2010) , and moving-grid method (Fujioka and Grotberg, 2004) . These approaches are usually complex and computation-time consuming. This is unfavorable especially for applications in which additional processes need to analyze, such as chaos analysis in mixing process (Aref, 2002; Ottino, 1989; Song et al., 2003b) . In contrast, with an explicit fully analytical model, analysis is much more convenient as it can be performed directly on the known flow fields.
Flow resistance is another significant aspect of plug flow. The pressure drop of plug flow is plug-length dependant (Horvath et al., 1973) . Therefore, it can be used to estimate the plug length in opaque systems where it is difficult to determine the plug length through optical methods (Kreutzer et al., 2005a) . A simple method to estimate the pressure drop is to use the Hagen-Poiseuille velocity profile and consider the friction on the wall of the channel. This method always underestimates the frictional resistance, as the recirculation effect at the end of the plug is neglected. However, the recirculation effect on the frictional resistance could be significant especially when the liquid plug is relatively short. Microchannels or microcapillaries with circular cross section are widely used in both research studies and applications. However, the large curvature of the wall poses extra difficulty in optical measurement such as μPIV. Special care should be taken when using this optical measurement method as light is refracted at the interface of materials with different refractive indices (Ahn et al., 2006) . Although some experimental and numerical results of the pressure drop were reported (Adzima and Velankar, 2006; Chen et al., 2009; Kreutzer et al., 2005c) , to our best knowledge, there is no analytical model reported to predict the flow fields and the flow resistance for plug flow in microcapillaries with circular cross section.
In this paper we present a two-dimensional (2D) analytical model for plug flow in microcapillaries or microchannels with circular cross section. The flow is rotational symmetric in a translating cylindrical coordinate system. In the next section, the flow field is modeled with a fourth order partial differential equation with the corresponding boundary conditions. Series solution is obtained, and is used to find the flow resistance of the plug. In Section 3, the flow field and the flow resistance are calculated and compared with experimental results from the literature (Ahn et al., 2006; Kreutzer et al., 2005c) . The effects of plug length on the flow pattern and on the flow resistance are studied. The interface is flat and is perpendicular to the wall of the capillary. Numerical simulations were performed to validate the flat interface assumption and to examine the effects of the contact angle and the curvature on the flow pattern in liquid plugs, and they are provided in Appendix A. (4)The liquid plug does not slip on the wall of the capillary. This is a reasonable assumption for liquid flow in microcapillaries/microchannels at micrometer scales. Some recent investigations showed that the wettability of the solid wall affects the slip length (Squires and Quake, 2005) . Wetting (hydrophilic) surfaces obey the no-slip boundary condition as expected, whereas clean nonwetting (hydrophobic) surfaces exhibit apparent slip (Lumma et al., 2003; Priezjev et al., 2005) . However, the slip length is still in the nanometer scale. For water flows over hydrophobic walls, the typical slip lengths that are observed range between 10 and 30 nm (Tabeling, 2009 ). For liquid flow in microchannels/ microcapillaries (normally tens to hundreds of micrometers), the liquid can be treated as a continuum and the no-slip condition applies. (5) The viscosity of the adjacent immiscible phase is neglected and there is no shear stress on the free surface of the plug. This is a reliable assumption if the immiscible phase has a much lower viscosity than the liquid plug, such as gas. (6) The liquid is an incompressible Newtonian fluid.
Analytical model

Problem description and assumptions
Flow field
Governing equation and boundary conditions
We build a translating cylindrical coordinate system on the plug, as shown in Fig. 2 . The plug takes the region of 0 ≤ z ≤ L, 0 ≤ r ≤ R. The coordinate system is translating together with the plug at a speed of V. In this way, the plug unit is relatively stationary with respect to the coordinate system, while the wall of the microcapillary is translating at a speed of V to the left. The middle cross section X-X' is indicated in Fig. 2 .
For the plug at Stokes flow in a microcapillary with circular cross section, the governing equation is a fourth order partial differential equation (Deen, 1998; Duda and Vrentas, 1971; Meleshko, 2003; Shankar, 2007) where φ, the stream function, is defined as
The operator E 4 is
According to the boundary condition on the wall of the microcapillary, as shown in Fig. 2 , we have
The two ends of the plug are free surfaces, as the shear effect of the adjacent gas is negligible According to the definition of the stream function, the value of the stream function u is the same along the streamline. As the control volume of the liquid plug is closed with no fluid flowing in or out of the plug, the stream function is constant along the boundary of the plug. Here we set it to be zero Since the flow is rotational symmetric, and the radial velocity component u r is zero along the axis The fourth order partial differential Eq. (1) and its boundary condition Eqs. (5)- (8) represent a well-posed system of equations describing the spatial variation of the stream function in the liquid plug. Once the expression of the stream function is determined, the velocity, vorticity and stress can be determined from the stream function.
Nondimensionalization
The governing equation Eq. (1) and its boundary condition Eqs. (5)- (8) can be nondimensionalized for the convenience of modeling and analysis. The radius of the microcapillary R is set as the characteristic length where is the dimensionless plug length. The velocity of the liquid plug V is set as the characteristic speed. Hence the dimensionless velocity components in the r and z directions are respectively According to the definition of the stream function in Eq. (2), the dimensionless stream function can be defined as Therefore, the dimensionless governing equation can be obtained from Eq. (3) The corresponding dimensionless boundary conditions can be obtained from Eqs. (4)- (7) 
Analytical solution
According to the fact that the governing equation [Eq. (12)] is linear and the domain is rectangular, a tentative solution is of a series form (Deen, 1998 (15) and (16) . It also satisfies the free surface boundary condition Eq. (14) . Hence, the coefficient A n can be obtained which lets Eq. (17) satisfy the boundary velocity on the wall Eq. (13) . From Eq. (13), we have where Multiplying on both sides of Eq. (19) and integrating with respect to z from 0 to , we can obtain the coefficient A n through the Fourier transform Through this way, the stream function field is established. The velocity field can also be obtained from the stream function
Flow resistance of the liquid plug
The force balance diagram for the liquid plug is illustrated in Fig. 3 . These forces are in balance, as inertial effect can be neglected due to the low Reynolds number. The frictional force can be derived by integrating the shear stress along the walls of the microcapillary.
Where
Although we assume flat interfaces (assumption 3 in Section 2.1) in obtaining the flow field, the effects of surface tension and contact angle hysteresis on the flow resistance can be included in the force balance. The surface tension and the contact angle influence the plug speed, while the plug speed affects the flow field in the plug. In this way, the effects of the surface tension and contact angle on the flow field can be considered indirectly through the plug speed. The forces due to surface tension at the advancing and receding ends are respectively where θ adv and θ rec are the advancing and receding contact angles, respectively. σ adv and σ rec denote the surface tension at the advancing and receding ends, respectively. For different materials of fluids and of the capillaries, the contact angles and surface tensions can be different case by case. They can be obtained experimental measurements or from handbooks (De Gennes, 1985; Lide and Haynes, 2010).
The force balance equation of the liquid plug is where ∆p = p rec -p adv is the pressure drop from the receding end to the advancing end of the plug. This leads to the driving pressure
In (29) , the first term is due to shear resistance, and the second term is due to surface tension. The pressure difference in Eq. (29) can be nondimensionalized to plug resistance coefficient C f , which is defined as the product of the Moody friction factor f and the Reynolds number R e .
The characteristic velocity is the speed of the plug V, and the characteristic length is the radius of the mirocapillary R Hence, the plug resistance coefficient C f can be obtained from Eq. (29) 3. Results and discussion
Flow field
Comparison between 2D model with experimental results
When a liquid plug moves through in a microcapillary, in the presence of the interfaces at the advancing and receding ends of the liquid plugs, the flow pattern is much different from that of the continuous flow. For a typical dimensionless plug length , the vortices of toroidal shape are shown in Fig. 4a , and the streamlines and the velocity vectors on a longitudinal section are shown in Fig. 4b and c respectively. When the liquid in the plug is moving towards the advancing end, it is blocked by the advancing interface and moves towards the wall of the microcapillary. Due to the presence of the receding interface, liquid moves from the wall of the microcapillary towards the center of the plug. This movement of the fluid produces recirculation in the liquid plug with respect to the translating frame of reference, which is clearly shown in Fig. 4a-c. A streamline S-S along the z-axis works as the axis of the toroidal-shaped vortex. The comparison of velocity component between the analytical result and the measured flow field by Ahn et al. (2006) is shown in Fig. 4d and e respectively. The measured flow field is obtained with frequency domain optical coherence tomography. Fig. 4d and e show the velocity component projected in the direction which is tilted 1.5° away from the cross-sectional plane of the microcapillary. The dimensionless plug length is obtained in pixel from the image by a Matlab program, where
The comparison with the experimental result shows that the analytical model can offer a reasonable good prediction of the flow field within liquid plugs.
Vortex centers
As the stream function at the boundary is zero, the maximum/ minimum points of the stream function( ) within the plug correspond to the vortex centers, and the magnitude of the stream function reflects the strength of the vortex. Hence the location of the vortex center and the value of the stream function at the vortex center are important parameters to quantify the vortex pattern in the plug. As the stream function is symmetric with respect to the cross section X-X' (shown in Fig. 2) , the vortex centers are located along X-X'. The radial position of the vortex center ( ) for different dimensionless plug lengths and the corresponding dimensionless stream function ( ) are shown in Fig. 5 . The location of the vortex centers and the strength of vortices strongly depend on the dimensionless plug length . The vortex center moves in the direction towards the axis of the microcapillary, while increases when the dimensionless plug length is increased. This effect can be observed in Fig. 6 . Initially, with the increase of plug length, the vortices increase in size and strength, and the vortex centers move rapidly in the direction towards streamline S-S. The magnitude of increases as the vortices expand. For relatively large dimensionless plug length ( ) the vortex centers becomes almost fixed in their locations. Here refers to the dimensionless plug length where the velocity profile along X-X' approaches the fully developed velocity profile as shown in Fig. 7 , which will be explained in Section 3.1.3. The unchanged velocity profiles make the locations of the vortex centers nearly constant.
If the length of the liquid plug approaches infinity ( ), the flow can be simplified to the one-dimensional (1D) flow. For a single phase flow, the fully developed velocity profile in a straight tube is parabolic, and the axial pressure gradient is independent of r The mean velocity can be obtained through integration
As a result, the dimensionless velocity profile in the translating coordinate system is According to the dimensionless group, the dimensionless stream function follows Being similar to the stream function boundary condition of plug in Eq. (15), the boundary condition for the stream function of the 1D single phase flow in a microcapillary is With the velocity profile in Eq. (36), the dimension stream function can be obtained by integration with the boundary condition in Eq. ( 
38). And it reads
The vortex center appears at the minimum/maximum point of the dimensionless stream function. In our case of , the maximum value of the dimensionless stream function is which appears at This is exactly the asymptotic limit of the stream function an the asymptotic location of the vortex center as shown in Fig. 5 . This can be regarded as a validation of our 2D model.
Velocity profiles and validation by 1D model
The middle cross section X-X' is selected as a typical cross section for analysis of the velocity profile in the liquid plug. Fig. 7a compares the 1D solution in Eq. (36) with the analytical result in Eq. (23) at cross section X-X' from the proposed 2D analytical model. When the length of the liquid plug approaches infinity, the 2D solution reduces to the 1D solution (such as in Fig. 7a ). For a plug with (the length of the plug L is twice of the radius), the predicted velocity profile from the 2D model shows a 4% discrepancy with the 1D solution at point . The 4% discrepancy does not mean that the flow in the plug is similar to the 1D flow even . In plug flow, as predicted by the 2D model, due to the presence of the advancing interface, liquid moves from the center of the plug towards the wall, while due to the presence of the receding interface, liquid moves from the wall to the center of the plug. Therefore, the effect of the advancing/ receding interface on the flow field near the ends of the plug is expected to be more significant than that in the middle cross section of the plug (section X-X'). Fig. 7b shows the axial component of velocity profiles for different plug lengths along cross section X-X'. For long plugs in Fig. 7b ), the velocity profile is approximately fully developed. For short plugs ( in Fig. 7b ), there are two local maximum points of the velocity field, as vortices move towards the wall of the microcapillary.
The plug resistance coefficient
According to Eq. (32), the plug resistance coefficient C f is influenced by the shear force and the surface tension. The contribution of the shear force (first term on the right hand side of Eq. (32)) depends on the infinite series solution. The surface tension contribution (second term on the right hand side of Eq. (32)) depends on the fluid viscosity μ, plug speed V avg , contact angles θ adv and θ rec , and surface tension σ. Fig. 8 shows the variation of the plug resistance coefficient C f with the increase of the dimensionless plug length . The experimental results for different air/liquid plug systems by Kreutzer et al. (2005c) are also shown. However, to compare the analytical results under the experimental condition, some parameters (θ adv , θ rec and V) remain unknown for the surface tension contribution in Eq. (32) . To consider the contribution of the surface tension force in the model, here, we introduce a coefficient C in Eq. (32) Therefore, we can simplify Eq. (32) into Eq. (41) singles out the effect of plug length on the contribution of the surface tension by , which is inversely proportional to the dimensionless plug length . This is because the surface tension occurs at the ends of the plug, while the plug resistance coefficient considers the resistance per unit length through average.
The value of the coefficient C in Eq. (40) for three experimental fluids can be fitted by the method of least squares from the experimental results in Eq. (41), and then the coefficient C is substituted into Eq. (41) to calculate the total plug resistance coefficient C f . The results from the model for three experimental fluids are shown in Fig. 8 . From the comparison, we can see that our analytical model agrees well with the experimental data for different air/liquid plug systems. According to Eq. (40), when there is no external effect to change the surface tension such as by thermocapillarity (Burns et al., 1996) , electrowetting (Mugele and Baret, 2005) and gradients of surfactant concentration, the surface tensions at the advancing end and at the receding end are identical, i.e., σ adv = σ rec . Therefore, the constant coefficient C in Eq. (40) is proportional to surface tension and inversely proportional to the viscosity, . The surface tension and the viscosity of the three experimental fluids are σ water =73 mN/m, σ decane =24 mN/m, σ tetradecane = 26 mN/m, and μ water =1.01 mPa s, μ decane = 0.924 mPa s, μ tetradecane = 2.32 mPa s, respectively. Therefore, the ratios σ/μ for three fluids are Meanwhile, the coefficients fitted by the method of least squares for the three experimental fluids are This agreement to is satisfactory. Fig. 8 shows the effect of the dimensionless plug length on the plug resistance coefficient. As the dimensionless plug length increases, plug resistance coefficient C f decreases dramatically. This can be explained by the fact that the high velocity gradient at the end of the plug dominate the flow in short plugs, which causes large flow resistance. Hence short plugs experience a larger resistance coefficient. As the dimensionless plug length increases, plug resistance coefficient C f decreases gradually. For a long plug such as = 20, the region near the front/rear interface is still significantly affected, while the effect on the region near the center is insignificant. The high velocity gradient at the end of the plug significantly increases the local shear stress on the wall of the microcapillary. Therefore, it requires an extremely long plug to "dilute" the effect of the end on the plug resistance coefficient.
As the dimensionless plug length further increases, the value of C f gradually approaches an asymptotic limit and it remains above this limit. The dashed horizontal line with C f = 16 is plotted in Fig. 8 to show that the plug resistance coefficient approaches 16 as the dimensionless plug length approaches infinity, which is exactly the resistance coefficient for single phase fully developed laminar flow in a capillary (White, 2002) . Using the 2D model, the plug resistance coefficients are always larger than 16, and this value is the asymptotic limit when , as shown in Fig. 8 . For example, for C f = 16.16 (that is 1% deviation from C f = 16), the corresponding dimensionless plug length is = 24.6. Under this condition, the plug behaves as if it is the fully developed continuous flow. Therefore, for < 24.6, the idealization of a liquid plug as fully developed continuous flow cannot provide an accurate prediction of the pressure loss.
Conclusions
An analytical model is presented in this paper to investigate the plug flow in microcapillaries with circular cross section. The Stokes flow field in the liquid plug is modeled with a fourth order partial differential equation with its boundary conditions. Series solution of the governing equation is obtained and the boundary conditions are satisfied. The velocity field is utilized to find the flow resistance of the liquid plug.
The flow pattern within the liquid plug is characterized by the vortex center. The results from the analytical model show that the vortex center shift towards the wall of the microcapillary as the plug length decreases. The results also show the dependency of the plug resistance on the plug length. For short plugs, the plug resistance coefficient increase dramatically as the dimensionless length decreases. For long plugs and as the dimensionless plug length approaches infinity, the plug resistance coefficient approaches 16, which is the resistance coefficient of continuous laminar flow in a cylindrical tube.
Appendix A. Effects of contact angles and curved interface shape on the flow pattern
To validate the flat interface assumption in Section 2.1, and to examine the effects of the contact angle and the curvature on the flow pattern in liquid plugs, we carried out numerical simulation using Fluent 6.3.26 with the finite volume method (FVM). Different contact angles were specified and interface shapes of spherical caps were assumed, as shown in Fig. 9 . The result with a flat interface has a contact angle θ = 90°, as shown in Fig. 9i . When the contact angle is slightly changed θ = 90° ± 22.5°, the flow pattern within the liquid plug is almost identical, as shown in Fig. 9g and k . If the contact angle changes further θ = 90° ± 45°, the curvature of the interfaces increases. The flow in the plug is still very similar to the case with flat interfaces, as shown in Fig. 9e and m . If the contact angle changes to an extreme condition θ=0°, the wall is superhydrophilic, and the interface is highly curved, as shown in Fig. 9a . The other extreme condition of contact angle is θ=180°, where the wall is superhydrophobic. At this condition, the flow near the spherical cap of the interface is slow (because the corresponding streamlines are sparse), as shown in Fig. 9q . However, the flow is dominated by the counter rotating vortices. This is a significant feature of plug flow and is captured with flat-interface assumption. Therefore, the proposed model can be used for a group of plug flow in microchannels where the contact angle is not far from 90°. 
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